PARAMETRIC STANDARD BASIS, DEGREE BOUND AND 
LOCAL HILBERT-SAMUEL FUNCTION 



ROUCHDI BAHLOUL 



Abstract. We propose a general study of standard bases of polyno- 
mial ideals with parameters in the case where the monomial order is 
arbitrary. We give an application to the computation of the stratifica- 
tion by the local Hilbert-Samuel function. Moreover, we give an explicit 
upper bound for the degree of a standard basis for an arbitrary order 
and also for the number of the possible affine or local Hilbert-Samuel 
functions depending on the number of variables and the maximal degree 
of the given generators. 



Introduction and statement of the main results 

In affine algebraic geometry, several (global) objects can be computed 
using Grobner bases such as the affine Hilbert polynomial or free resolutions 
and parametric Grobner bases may be seen as a tool for studying these 
objects under deformations. In the same way, parametric standard bases 
(with respect to local monomial orders) can be used to study local objects 
under deformations. 

To our knowledge, most of the existing papers on parametric Grobner or 
standard bases concern global monomial orders (see e.g. Lejeune-Jalabert 
and Phil ippe [L^Ph89] . Gianni [Gi89j . Weispfenning ;We92l IWen3j . Kalk- 
brenner |Ka97] . Montes |Mo02j . Sato and Suzuki [SaSu03], Gonzalez- Vega 
et al. |GTZ05| ). In |As94j worked with both global and local orders (to 
study flatteners of projections) where the ring of the coefficients is polyno- 
mial. In [As05j , Aschenbrenner made a general study of parametric ideals in 
power series rings. He also treated the case where the input generators are 
polynomials (and the monomial order is local). In |Ba06] the author applied 
parametric standard bases in rings of differential operators to study the local 
Bernstein-Sato polynomial of a deformation of a hypersurface singularity. 

In the present paper, we propose a general study of parametric standard 
bases for ideals in some ring C[xi, . . . , x„] where the monomial order on the 
X- variables is arbitrary and the ring C of parameters is also arbitrary. 

We shall be concerned both by existencial and by algorithmic questions. 
As an application, an algorithm for computing the stratification by the local 
Hilbert-Samuel function is given. Moreover, as an application of a paper by 
T. Dube |Dub90j . we give some bounds for the degree of standard bases with 
respect to any monomial order and also for the number of the possible local 
or affine Hilbert-Samuel functions. 

Before stating the main results, let us introduce some notations. 
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Throughout the paper, C shaU denote an integral domain. This ring shah 
be seen as the ring of parameters. Let n be a positive integer and let x 

denote the set (,ti, . . . , ,t„) of indeterminates. 

Let ^ be a monomial order on the monomials a;° = (a G N"). We 

don't suppose ^ to be a well-ordering (i.e. global). 

A specialization of C is a ring homomorphism a : C — t- K to some field 
K. A specialization cr of C induces a ring homomorphism C[x] — >■ K[x] that 
we shall denote by the same symbol a. 

The next examples illustrate the situations that we shall consider in this 
paper. 

Example 0.0.1. (1) Let k C K 6e two fields and y = {yi, . . . ,ym) be a 
set of indeterminates. For any y^ G K™" the map (k[y] — > K,i-* i— t- 
P{yo)) is a specialization of k[j/] to K. It induces the natural map 

(2) The previous example is a particular case of the following one. Given 
a prime ideal, that is V £ Spec(K[y]), the natural composition map 
a-p : k[y] — ^ K[i/] — ^ K[y]/V C Frac(K[i/]/P) is a specialization. For 
yo = {yo,i, yo,m) e K™, denote by rriy^ = J2 - yoj) the 
maximal ideal associated with yg. Then am,, is identified with the 

"0 

specialization of (1). 

(3) Let d he a positive integer. Set q = ("^'^)- This number is the 
dimension of the vector space ©|(^|<(^Ka;" for any field K. Consider 
the variables a = (flj.ali = 1, . . . ,q;a E N"', \a\ < d). Set N = . It 
is the number of the aj^a 's. 

For j = l,...,q, set fj = I]|a|<d ^ Z[a,x] = Z[a][x]. Let 

J = J{n, d) denote the ideal of lj\a^ x\ generated by fi, . . . , fg. 

Put C = Z[a]. Let K be any field. For oq G we have the 
natural map : C — >• K, P{a) i-^ -P(ao). This specialization induces 
a map '■ 1i[a, x\ — >■ K[x]. 

This kind of specialization is interesting because for any field K 
am,d, for any ideal I of K[.t] generated by polynomials whose degree 
is at most d, there exists oq G such that I = K[x](Jay(J). 

0.1. Main results for parametric standard bases. For a non-zero poly- 
nomial / G R[x\ with coefficients in some ring R, exp_/(/) G N" denotes the 
leading exponent of / with respect to ^, it is defined as the maximum of 
the a's such that appears in the development of /. 

Theorem 0.1.1. Let J d C[x\ and Q C C be finitely generated ideals such 
that J ^ C[x]-Q. There exists a finite set Q G J and finitely many hi G C\Q 
such that if we set h = Yl-hi then for any field K and any specialization 
cr : C — 7- K such that cr(Q) = {0} and cr{h) ^ the following holds : 

• <^{Q) is a :<-standard basis of}^[x]a(J). 

• for each g € Q, cxp^(cj(5)) is independent of a. 

Notice that the set of the specializations a such that a{Q) = {0} and 
cr{h) ^ may be empty: 

Lemma 0.1.2. Let Q C C be an ideal and heC then: (1) =^ (2) (3), 
where: 
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(1) hG^, 

(2) For any field K and any specialization cr : C — J- K we have: (t{Q) = 
{0} ^ a{h) = 0, 

(3) V{Q) C V{h) where V[-) means the affine scheme defined by (see 
the notations 0.4)- 

Proof. Assume that h^ £ Q for some positive integer i. For a specialization 
cr : C ^ K, if cj(Q) = {0} then = a{h') = wich imphes a{h) = 0. 

Thus (1) (2). Assume (2). Let V C C be prime such that Q C V. 
Condition (2) apphed to ap (as defined in Example 10.0. ir 2)') implies that 
cr-p{h) = which means that h G V. Thus we have (2) =^ (3). Conversely 
assume Condition (3). Let cr be a specialization such that cr{Q) = {0}. 
Then ker(cj) £V{Q). Therefore a{h) = 0. □ 

In 4.3 we shall prove the last implication for C = k[y]. 

Corollary 0.1.3. Assume thatC is noetherian and let J be a finitely gener- 
ated ideal of C[x]. There exists a finite set of triples {Qk, Qk, hk) where each 
Qk J is finite, each Qk C C is an ideal and each hk & C and there exists 
an ideal I C C such that 

. Spec(C) = (Ufe V{Qk) \ V{hk)) U V(I), 

• for any specialization a of C, if a (I) = {0} then cr(J) = {0}, 

• for any k, for any field K and any specialization a : C — )• K such 
that a{Qk) = {0} and cr{hk) ^ 0, 

— ^(^) / {0}, 

— a{Qk) is a :<-standard basis o/K[x](t(J), 

— for each g £ Qk, exp^(cj(<^)) is independent of a. 

Here again, V{-) stands for the affine scheme (see 0.4). 

If we form the union of the obtained Qk we get a comprehensive ^- 
standard basis Q (see |We92t IWe031 IMo02j in the case of a well-ordering 
<)■■ 

Corollary 0.1.4. LetC he noetherian and let J C C[x\ he a finitely generated 
ideal. There exists a finite set Q C J such that for any specialization a : 
C — )• K such that cr(J) ^ {0}, a{Q) is a -^-standard basis o/K[x]cr(J). 

Definition 0.1.5. The ring C is called detachable if for any h,hi, . . . ,hq G 
C there is a finite algorithm for deciding if h £ Yl'j=i C ■ hj. 

Proposition 0.1.6. Suppose that C is detachable. 

(1) The set Q and the elements hi of Theorem \U.1.1\ can he constructed 
algorithmically (in a finite number of steps). 

(2) Assume that the intersection of two finitely generated ideals is com- 
putable in C then the triples {Qk,Qk:hk) and the ideal I of Corol- 
laru \0.1^ can be constructed algorithmically. 

Moreover, if for any specialization a : C — t- K, o"(J) ^ {0} then 
we don't need to assume that the intersection of ideals in C is com- 
putable. 

Given a computable field k and a set of variables y = (yi, . . . , y^), then 
k[y] and Z[y] are both detachable. For Z[y], see e.g. |Ay83| , [GaMi94j and 
|As04j (and all the citations in [As04j ). 
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0.2. Constructibility results for Hilbert-Samuel functions. Let k C 

K be two fields where k is supposed to be computable. 

Let / be an ideal in k[x]. The affine Hilbert function associated with / is 
defined as 

N 9 r ^ '*HFk[^]/j(r) = dimk(k[x]< J(/ n k[x]<^)) 

where k[2;]<r is the vector space ©|c,|<r-kx". 

Given xq £ K", let K[[x — xq]] := K[[xi — xo,i, . . . , x„ — a;o,n.]] denote the 
ring of formal power series at xq. The local Hilbert-Samuel function HSF/^a;;, 
of / at Xq (over K) is defined by: 

N 9 r ^ HSF,,,„(r) = dimK(K[[x - xo]]/{K[[x - xo]]I + m^J) 

where tjIxq is the maximal ideal of the local ring K[[x — xq]]. 

The notation may seem ambigus if xq E k. In fact for jiq G k C K, the 
local Hilbert-Samuel function of I at xq over k and the one over K coincide 
(see Lemma ll.3.2p . 

There exist numerical polynomials "HP/ and HSP/^^^q such that for r > 
ro, ''HF/(r) = '^HP/(r) and HSF/,^o(r) = HSP/,x.o(r) for some vq E N. 
These polynomials are called the affine Hilbert polynomial of / and the 
local Hilbert-Samuel polynomial of I at xq. 

The following is an application of Corollary I0.1.31 

Corollary 0.2.1. There exists an algorithm for computing a finite partition 
of K™' = L)Wk into constructible sets defined over k[x] such that for any 
Wk, the map Wk 3 xq ^ HSF/^^^q is constant. 

Let us state another application. Take the notations of Example 10.0. 1 T S) . 

Corollary 0.2.2. Let J C Z[x,a] he the ideal generated by the fj's. For 
any field K, there exist a finite partition o/K""*"^ into constructible subsets 
Wk with the following properties: 

• For each stratum Wk, and for any {ao,xo) G Wk the local Hilbert- 
Samuel function of J\a=ao C K[a;] at x = xq is constant. 

• The stratification is defined by ideals in 'L\a.,y\ that only depend on 
the integers n and d. 

0.3. Bounds for Standard bases and Hilbert-Samuel functions. Ap- 
plying Corollary 10.1.41 to Example I0.0.1f 3). one deduces the existence of a 
uniform bound /3(n, d) such that for any field K and any ideal in K[x] gen- 
erated by polynomials in n indeterminates of degree at most d, there is a 
^-standard basis whose elements have degree bounded by /3(n, d). 

In fact, by a direct application of a result by Dube jDubOO] (see also 
the recent generalisation [AsLe09] ) we obtain an explicit bound from which 
we deduce a bound for the number of the possible affine or local Hilbert- 
Samuel functions and polynomials depending on n and d. This answers 
some questions by Aschenbrenner in the local case (see the discussions after 
Corollary 3.16 and Lemma 3.18 in |As05j ). 

Set D{n,d) = 2[^+d 
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Proposition 0.3.1. Let d and n he positive integers. Let < he any monomial 
order on the monomials Given any field K, let I he an 

ideal of K[xi, . . . ,Xn] generated by polynomials of degree at most d. Then 
there exists a <- standard hasis of I such that each element has degree at 
most D{n, d). 

Proposition 0.3.2. Let d and n be positive integers. There exists a set 
of functions 'HF{n,d) (from N to and a set of numerical polynomials 
T-LV{n,d) that depend only on n and d such that the following holds. 

^nD{n, d) + 



The cardinality of'HV{n,d) is 
The cardinality of T-LJ-{n,d) is 



n 



, T\ \ nD(n,d) . , 

nL>(n,d)+n\ -r-r / /k + n—l 

• Let be a field. Let I C K[xi, . . . he an ideal generated hy 
polynomials of degree at most d. 

- "HPk[:,]/7 G nV{n,d) and °HFk[x]// G UFin^d), 

- for XQ G K", HSP/,^0 G nV{n,d) and HSF/,^o G nT{n,d). 

0.4. Main notations. 

• k: a computable field. 

• K: an arbitrary field (In many situations we shall have k C K). 

• {fi, . . . , fq): the ideal generated by the /j's. 

• X = (xi, . . . , Xn), y = {yi,... , Hm)- sets of variables. 

• For a G N" and f3 G N"', := x" ^ • • • x^" and / := • • • y^" . 

• C: an integral domain (that may be noetherian or/and detachable). 

• Spec(C) = {V C C I is a prime ideal}: the spectrum of C. 

• For 5 C C, V{S) := {V G Spec(C) \ S C V}: the affine scheme 
defined by S. 

• a: a specialization to some field K. 

• For anidealJ C k[x,y] and yo G K™, J\y=y^ := K[x]-{/(x, yo) I f{x,y) G 
J}: the specialization of J to y = yo- 

• For an ideal / C K[x] and xq G K, 
""HFj^^^yj: the affine Hilbert-function, 
''HFK[^]//(r) = dimK K[x]<,/(/ n K[x]<,); 
HSF/a;;,: the local Hilbert-Samuel function at x = xq, 
HSF,;^o(r) = dimK(K[[x - xo]]/(m^„ + K[[x - xq]] • /)); 
'*HFK[a;]//: the homogeneous Hilbert function (for / homogeneous), 
'^HFK[.]//(r) = dimK K[x],/(/ n K[x],) 

0.5. Structure of the paper. In section 1, we recall basic facts about 
standard bases for polynomial ideals following |GrPf02b] and about Hilbert (- 
Samuel) functions. In section 2, we prove the results concerning explicit 
bounds (that is Propositions 10.3.11 and I0.3.2p since their proof is indepen- 
dent of the rest of the paper. In section 3, we introduce the notion of pseudo 
standard basis modulo some ideal and prove Theorem 10. 1.11 and Proposi- 
tion |0TL6]J1). In 3.2, we shall propose an alternative method in the case 



6 



ROUCHDI BAHLOUL 



C = k[y] using usual standard bases. In section 4, we shall prove Corol- 
lary [013] and Proposition 10. 1 .61 ^2) . We shall give two algorithm that works 
with a general ring C and one for C = k[j;]. In section 5, we shall prove 
Corollaries 10.2.11 and 10.2.21 We have implemented the algorithm for com- 
puting a stratification with constant local Hilbert-Samuel functions in the 
computer algebra system Risa/Asir [No]. In section 6, we shall present some 
examples computed with our prograrrQ- 

Acknowledgements. This paper began with some discussions with Monique 
Lejeune-Jalabert and Vincent Cossart to whom I am grateful. I would like 
to thank Anne Friihbis-Kriiger for a reading of a the first version of the 
manuscript and valuable suggestions. 

1. Recalls on standard bases and Hilbert-Samuel functions 

For 1.1 and 1.2, the reader can refer to chapters 1 and 2 of the book 
Singular |(kPf02bj . 

1.1. Monomial order and associated ring. As usual, if a G N" then 
denotes x"^ • • • x^" . A monomial order is a total order ^ on the monomials 

which is compatible with the product, that is: if -< x"' then for any a", 
j.a+a _^ +a j^^^ order :< is called global if 1 is the minimal monomial; 
local if 1 is maximal; mixed otherwise. In the sequel, we will identify a 
monomial order with the induced order on N" (which is compatible with 
the sum). 

Let k be a field. Let A be a ring with inclusions of rings k[x] C ^ C k[[x]] 
and let ^ be a monomial order. For f € A, write / = CaX°' as a power se- 
ries expension. We define the support of / as Supp(/) = {a G N"|cq, / 0}. 
When they make sense, we define the leading exponent of / exp(/) = 
max^Supp(/), the leading term lt^(/) = x'^^p^^-^\ the leading coeffi- 
cient lc-<(/) = Cexp_,(/) and the leading monomial lm^(/) = lc^(/)lt^(/). 
These notions always make sense if A = k[x]. If ^ = k[[x]], they always 
make sense if ^ is local. 

Now, let us fix a monomial order Let R = k[x]^ be the localization of 
k[x] with respect to the multiplicative set = {g £ k[x] \ {0}| exp^(/) = 
0}. Notice that R = k[x] if and only if ^ is global and R = k[x](o), that 
is the localization at 0, if and only if ^ is local. In any case we have an 
inclusion of rings k[x] C C k[[x]]. Thus the notations above apply to the 
elements of R. Notice that if / G i? and g £ S-^ satisfies gf G k[x] then 
exp^(/) = exp^(5r/). 

1.2. Standard bases in the algebraic situation. For simplification, we 
shall forget the subscript For the moment A denotes either k[x] or 
R = k[x]^. Let J be a non zero ideal of A. We define the set of leading 
exponents Exp(J) = {exp(/)|/ G J \ {0}}. 

Definition 1.2.1. A finite set G C A is called a standard basis of J if 
GcJ and Exp(J) = U„6G(exp(5) + N"). 



This program is available on the author's webpage 
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By Dickson lemma (see |GrPf02bl lemma 1.2.6]), a standard basis exists. 

Remark. Assume that A = k[x]. If ^ is global we shall use the terminology 
Grobner basis instead of standard basis. A Grobner basis generates the 
ideal but a standard basis does not in general. 
From now on, A = i? = k[x]^. 

Definition 1.2.2 ( |GrPf02b[ Def. 1.6.4]). Let S{R) denote the set of finite 
subsets of R. A map NF : i? x S{R) R, {f,G) ^ NF(/|G) is called a 
normal form if, for any f G R and G G S{R), we have 

(0) NF(0|G) =0, 

(1) NF(/|G) / exp(NF(/|G)) ^ [jg^ci^xpig) + N"), 

(2) there exists u £ R* = and for each g G G, there exists Og G R 
such that r := uf — NF(/|G) has a standard representation: r = 
"YlgeG ' 9' exp(r) ^ exp{agg) for all g such that Og 7^ 0, 

(3) if {f} L) G C k[x] then the Og and u above can be taken in \i[x]. 

Remark. This is the definition of a polynomial weak normal form in the 
terminology of [GrPf02b] . 

A normal form always exists: see |GrPf02bl 1.6, 1.7] with NFBuchberger 
when :< is global and NFMora in general. NFMora is a variant of Mora's 
division |Mo82) . 

Lemma 1.2.3 ( |GrPf02bl lemma 1.6.7]). Let J be an ideal of R, G be a 
standard basis of J and NF be a normal form. For any f G R, f £ J if and 
only i/NF(/|G) = 0. 

Consequently, G generates J over R (but not over k[x] in general). 

Definition 1.2.4. Let f,g be non zero elements in R. Set a = exp(/), 
(3 = exp{g) and 7 = (71,... ,7n) with = max(aj,/3j). We define the S- 
polynomial (or S- function) of f and g as: S{f,g) := \c{g)x'^~°' f —lc{f)x'^~^ g 

Theorem 1.2.5 f |GrPf02bl Th. 1.7.3]). Let J C R be an ideal and G a 
finite subset of J. Let NF be a normal form. The following are equivalent: 

(1) G is a standard basis of J. 

(2) NF(/|G) = for any f G J. 

(3) Each f G J has a standard representation with respect to G that is: 
there exist some ag G R such that f = '^g^c ^gd ^^^^ exp(/) ^ 
exp{agg) for all g such that / 0. 

(4) G generates J and for any g,g' G G, ^¥{S{g,g')\G) = 0. 

(5) G generates J and for any gi,g2 G G, there exist some ag G R such 
that S{gi,g2) = J2geG^g9 ^^tf^ exp(S'(5i, 52)) >z ex.p{agg) for all g 
such that Og ^ 0. 

The implications (4) (1) and (5) =^ (1) are usually called Buch- 
berger's criterion. 

Proof. The equivalences (1) <;=^ ••• <;=^ (4) are proven in |GrPf02b] . 
The implication (3) A (4) (5) is trivial. Let us show that (5) =^ (4). 
Assume by contradiction that for some couple (91,(72)5 {{gi , g2)\G) 7^ 0. 
Then by Definition 0212), exp(NF(S((7i, <72)|G)) ^ Ug^ciexpig) + W). 
This contradicts the standard representation in (5). □ 



8 



ROUCHDI BAHLOUL 



The following remark is a direct consequence of Buchberger's criterion. 

Remark 1.2.6. Let k and K be two fields such that k C K. Let J be an 
ideal o/k[x]^. If G is a standard basis of J then it is a standard basis of 
K[x]^J. 

1.3. Hilbert-Samuel function and Standard basis. Let us start with 
a remark. 

Remark. Given an ideal I in k[x] we defined its local Hilbert-Samuel func- 
tion at as by HSF/^o('') = dimk(k[[x]]/(k[[x]]/ + m^)) where rh denotes the 
maximal ideal o/k[[x]]. In the litterature, one can also find this definition: 
HSF/^o('') = dimk(k[x]o/(k[x]o/ + where k[x]o is the localization of 

k[x] at and m C k[x]o the maximal ideal. These two definitions coincide. 

Proof. Given r G N, the natural ring homomorphism k[x]o — ?• k[[x]]/(k[[x]]/+ 
m^) is surjective. Its kernal is (k[[x]](k[x]o/ + m^)) n k[x]o and it is equal 
to k[a;]o/ + by faithfull flateness of k[[x]] over k[x]o. □ 

Given a set £' C N", we define its Hilbert-Samuel function HSFg : 

N ^ N by 

HSFi5(r) = card{a e N"; a G \ E, \a\ < r}. 

A degree-compatible order ^ is a monomial order such that: |q| < 
\a'\ =^ -< for any a, a' G N". Such an order is global. A valuation- 
compatible order ^ is a monomial order such that: \a\ > \a'\ =^ x" -< 
for any a, a' G N". Such an order is local. 

The following is well-known (see e.g. |CLQ92[ Chapt. 9, §3, Prop. 4] and 
[(^rPfn2b[ Prop. 5.5.7]). 

Lemma 1.3.1. Let I be an ideal in k[x]. 

(1) If ^ is a degree- compatible order then "^HFj = HSFexp_. (/) ■ 

(2) If ^ is a valuation- compatible order then HSF/^q = HSFexp^(7)- 

The next lemma is now trivial (using an affine change of coordinates, 
Lemma 11.3.11 and Remark ll.2.6|) . 

Lemma 1.3.2. Let I be an ideal o/k[x] given by generators fi, . . . , fq. Let 
J C k[x, y] be the ideal generated by the fi{x + y). Let K be a field containing 
k. Let xq G K*^ and let < be a valuation- compatible order on the monomials 
x". We have: 

HSF/,^0 = HSFexp_,(J|^^,j. 

2. Bounds for standard bases and Hilbert-Samuel functions 

In this section we shall prove Propositions 10.3.11 and 10.3.21 

2.1. Bounds for standard bases. Recall that ^ is an arbitrary monomial 
order on the x"'s. Let us add a new variable z and consider the following 
order 

{\a\ -\- k < \a'\ + k' or 
|a| -|- A; = |q'| -|- k' and x" -< x" 
This order is degree-compatible. 

Now we are ready to prove Proposition 10.3.1] 
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Proof of Proposition \0.3.1[ Let fi, . . . , fq be polynomials in K[2;] such that 
the degree of fj is lower than or equal to d for each j. Set / = (/i, . . . , /g) C 
K[2;]. Writing fj = Yl^j,ciX°', set h{fj) = ^ Cj^qX^z'^^'"!"! where dj denotes 
the degree of fj. The following result by Lazard |La83| is classical (see, e.g., 
Exerc. 1.7.6 in lGrPffl2b]). 

Lemma 2.1.1. Let G be a homogeneous <^ -standard basis of the homoge- 
neous ideal K[x, 2;]{/i(/i), . . . , Then is a ^-standard basis of 
I. 

The ideal /' = {h{fi), . . . , h{fq)) is a homogeneous ideal of K.[x, z] gen- 
erated by homogeneous polynomials of degree bounded by d. Applying 
|Dub90l Theorem 8.2] by T. Dube, one may choose G such that the degree 
of its elements is bounded by D{n,d) := 2{{d^ /2) + d)^" . Therefore the 
elements of G\z=i have their degree bounded by D(n, d). □ 

2.2. Bounds for afRne and local Hilbert- Samuel functions. Let us 

begin with a basic combinatorial result. 

Lemma 2.2.1. Let 5 be in N. The cardinality of the following set is ("^'^) • 

. . . , 6„) G N"}| bn < bn-i <---<bi<5}. 

Proof. For . . . , 6„) in this set one can associate the following monomial: 
xj^^^^ • • • x^Zi "x'^^ . This induces a bijective map from our set to the set of 
the monomials m of degree deg(m) < 6. It is well-know that the cardinality 
of the latter is (see e.g. Lemma 4 page 438 in |CL092j ). □ 

Here is another technical lemma. 

Lemma 2.2.2. Let J be a monomial ideal in K-lxi, Xn]. Let G be a finite 
set of monomials generating J and let 6 = max{deg(m)|m G G}. Then for 
any r > n6, ''HFK[^]/j(r) = "'RPjiixj/jir) 

Proof. Set G = {mi, . . . ,mg}. For t = {ti,...tk) such that I < k < q 
and 1 < ti < ■ ■ ■ < tk < q. let Mt be the ideal generated by mt^ , • • • , rnt^. . 
Finally, for r G N, set Mt^r = {^c"; \a\ < r, G Mt}. Applying the inclusion- 
exclusion principle, one obtains 

(r -\- n\ 
j - card(Mi,, U • • • U M^,,) 

^ ^ fc=l l<h<-<tk<g 
Since M((j^ is generated by lcm{mt^ , ■ ■ ■ , ^t^}, we have card(M(i^^ ^^^j^^) : 
{^~^n~^) every r > e where e is the degree of this common multiple. Since 
n5 is a bound for the degree of all the common multiples, we conclude that 
"HFK[a;]/j('") is polynomial for r > n6. □ 

Let us recall some facts from Dube's paper [DubDOj . For this, we re- 
call that given a homogeneous ideal J in K[xi, . . . ,Xn] one can define the 
(homogeneous) Hilbert function 

^■HFK[^]/j(r) = dimK(K[x],/K[a;], n J) 
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where K[x]r. = ©|cf|=rKx°. Knowing the affine Hilbert function or the ho- 
mogeneous one is equivalent since we have : '^'HFj^^^yj{r) = "-BFj^^^yj^r) — 

«HFK[.]//(r - 1) and '^HFk[.]//(0 = ELo '^HFkm/zIA:). Dube defines the 
Macaulay constants (60, • • • , &n) £ for any homogeneous ideal J. These 
numbers are uniquely determined and they have some properties : 

• bo > h > ■ ■ ■ > bn- 

• bo is equal to min{6 G N|Vr > 6, '^HFK[,.]/j(r) = ''BFj^[,yjir)}. 
h „ / s / r + n\ /r — bk + k — 1\ 

."HPkw/,M=( \. ). 

This shows that the constants 61 , . . . , 6„ uniquely determines and are uniquely 
determined by the (homogeneous) Hilbert polynomial. 
Now let us prove Proposition 10.3.21 

Proof of Prop. 1 0. 3. S\ We shall begin by the local case. Recall that we start 
with an ideal / C K[x] that admits a finite set of generators whose degree 
is bounded by d. By an affine change of coordinates, we are reduced to the 
case where xq = 0. Let us consider a valuation-compatible order. 

By Proposition 10.3. H / admits a standard basis G such that the degree 
of each element is bounded by D := D{n,d). Let M be the monomial 
ideal generated by the leading monomials of the g^s in G. By Lemma ll.3.H 
HSFk[.]// = "HFK[.]/Af- By Lemma EZS for r > nD, '^HFk[.]/m(0 = 
"HPK[:.]/M(r-)- 

Using the recalls of Dube's results, we have that '^HFkixJ/m then 
"HFK:[a;]/M is uniquely determined by some tuple {bi, . . . ,bn) such that nD > 
bi>--->bn. By Lemma [2211 the number of these tuples is (""'"^^) • This 
proves the part concerning the local Hilbert-Samuel polynomial. Now again 
by Dube's results, bo = min{6 G N|Vr > 6, '^HFk[x]/m(?') = "HPk[:.] /m 

Since 69 < nD, '^HFk[x]/a/(?^) is determined for all r > nD. It remains 
to count the number of possible values that may be taken by "HFk;[x]/m(^) 
for < r < nD. For a given < r < nD, '^HFkIxJ/mC'^) niay be in 
{0, . . . , C^^^Y^) Therefore it may take C^^^^^) -|- 1 possible values. Taking 
the product for all < r < nD we obtain the bound for the number of the 
possible local Hilbert-Samuel functions. 

Now, the proof concerning the affine Hilbert function and polynomial 
is the same providing the use of a degree-compatible order instead of a 
valuation-compatible one. □ 

3. Parametric standard bases 

In this section we shall be concerned by the proof of Theorem 10. 1.11 and 
Proposition lO.l.CT l). In 3.1 we shall treat the case of a general C and in 3.2 
we shall propose another method when C = k[y]. 

3.1. General case: an analogue of pseudo standard bases. Recall 
that C is an integral domain and ^ is a monomial order on the x"'s. For / G 
\{0}, we can define its leading exponent exp^(/) G N", its leading term 
lt^(/) = its leading coefficient lc^(/) G C and leading monomial 
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lm^(/) = lc^(/) • lt^(/). In the sequel we shall forget the subscript ^ and 
write exp(/) for exp_<;(/). 

Set S^ = {f € C[x]| exp(/) = and lc(/) = 1} then define R = S^^C[x] 
as the localization w.r.t. S^. 

Definition 3.1.1 (See [(kPfn2aj or |(;;rPfn2b[ pages 124-125]). 

• As in Def. \1.2.2l S{R) denotes the set of finite subsets of R. A map 
m : Rx S{R) R, ^ NF(/|G) is called a pseudo normal 
form if, for any f €z R and G G S{R), we have 

(0) NF(0|G) = 

(1) NF(/|G) / exp(NF(/|G)) ^ [j^^^iexpig) +W') 

(2) There exists u £ R such that lm(n) is of the form lm(u) = 
rigeG ^'^isY'^ ■ '^'i'ih dg G N, and for each g £ G, there exists 
ag & R such that r := uf — NF(/|G) has a standard represen- 
tation: r = J2geG ' 9> exp(r) >z exp{agg) for all g such 
that Qg ^ 0. 

(3) // {/} U G C k[x] then the Ug and u above can be taken in C[x]. 

• Given a non-zero ideal J <Z R, a pseudo standard basis is a finite set 
GCJ satisfying Exp(J) = [jgegi'^Mg) + N"). 

Notice that our definition of a pseudo standard basis is slightly different 
to the one given in |GrPf02bl [GrPf02aj . 

Pseudo normal forms exist (NFMora in |GrPf02b] is one) and pseudo 
standard bases also (by Dickson lemma). 

Now let us generalize these constructions. In the sequel Q C C is a given 
ideal, not necessarily prime. Given f E R = C[x]^, we define exp™°'^®(/) := 
exp(/modQ), where /modQ means the class of / in C/Q[a;]-i viewed in 
{C/Q)[[x]]. We define lt™°'^2(j) ^c^p-^^'^^if) ^ Then lc'"°'i2(j)"dgnotes the 
coefficient (in C) of lt"'°'^^{f) in the expension of /, finally lm'^°'^^{f) := 

Now for an ideal J C R such that J ^ RQ, we define Exp™°^2(j) ^ 

Definition 3.1.2. A pseudo standard basis of J modulo Q is a finite set 
g CJ such that Exp"^°'i2(j) ^ [jg^g{exp'^°'^Q{g) + N"). 

Remark. Such a set exists by Dickson lemma again. Notice that if Q = (0), 
we recover the notion of a pseudo standard basis. 

Definition 3.1.3. A pseudo normal form NF(-|q-) modulo Q is a map 
NF(-Iq-) : RxS{R) ^ R, (/,G) ^ NF(/|qG) such that for any f £ R and 
G £ S{R), we have 

(0) NF(g|QG) e RQ for all q £ RQ 

(1) NF(/|qG) ^RQ^ exp-°'iS(NF(/|QG)) ^ U,gG(exp'"°'^2(<?) +N") 

(2) There exist some Og £ R, q £ RQ, and u £ R such that \ra^°'^^{u) = 

Y[g^Gi^c^'"^^i9)Y' ■ ^° "'^^^ (^a^^ <^^d 
r:=uf- NF(/| qG) = ZgeG ^99 + Q 
with exp"'°'^^{r) h exp'^"'^^{agg) for all g such that ag ^ 0. 

(3) If {f}L)G C C[x] then the ag and u and q above can be taken in C[x]. 
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We define the 5"- function modulo Q: 

Definition 3.1.4. Letf,g G R\RQ. Seta = exp'^^'^^if), /3 = exp'^°'^Q{g) 
and 7 = (71, ... , 7„) with ji = max(aj, We define the S -polynomial (or 
S-function) of f and g modulo Q as: S'^'"^^{f,g) := lc'^°<^2(^)^7-"/ _ 

As for standard bases, we have a characterization of pseudo standard 
bases in terms of pseudo normal forms and S'-polynomials. 

Proposition 3.1.5. Let J C R be an ideal and G a finite subset of J. Let 
NF(-|q-) be a pseudo normal form modulo Q. The following are equivalent: 

(1) G is a pseudo standard basis of J modulo Q. 

(2) NFUIqG) G RQ for any f € J. 

(3) For any f £ J, there exists Og £ R for all g £ G, q £ RQ, and 
u £ R with \m^°'^^{u) being a product of\c^°'^^{g) (g £ G) such 
that: uf = J2geG "95 + 1 with exp'^°'^Q{f) >z exp'^'"^^{agg) for all g 
such that Og ^ 0. 

(4) For any f £ J, there exists u as above such that uf £ RG + RQ and 
for anyg,g' £ G, NF{S^°''Q{g, g')\QG) £ RQ. 

Proof. Let us prove (1) =^ (2). Assume (1) and by contradiction let / G J be 
such that NF(/|qG) ^ RQ. Thenby Definition[3X3];i), exp'"°d2(NF(/|QG)) ^ 
UggG(exp°'°'^^(5) + N"). By Definition [3jr3i;2), NF(/|qG) £ J + i?Q there- 
fore exp'^°'i2(NF(/|QG)) £ Exp'^°'^^ (J) . But this contradicts (1). The 
proof of (2) =^ (3) (1) is a direct application of the definitions. More- 
over (3) implies the first part of (4) and (2) implies the second one. It 
remains to prove (for example) (4) =^ (1). For this, let us introduce some 
extra notations. For / S 72 let us denote by (/)q its image by the natural 
map C[x]^ — )• C/Q[x]^ — )• Frac(C/Q)[x]^. Let us denote by (J)q the ideal 
generated by {(/)q| / G J}. 

Now, let us assume (4) and by contradiction suppose that (1) is not true. 
There exists f £ J \ RQ such that exp'^°^2(j) ^ Ug^G{exp'^°'^Q{g) + N""). 
This implies that exp((/)g) ^ UggG(exp((7)Q +N"'). Hence {G)q is not a 
standard basis of (J)q. 

The first part of (4) implies that {G)q generates (J)q. The second part 
of (4) combined with Definition 13.1.3( 2) implies that for all g, g' £ G, 

S{{9)q, {g')Q) = {S^'"'%,9'))q = Y.^ag)Q • {g)Q 

a 

with exp(5((5r)Q, (5r')Q)) ^ exp((ag)Q • (c/)q), hence by Theorem 03^5), 
{G)q is a standard basis of (J)q. Contradiction. □ 

Given / £ C[x\, we define the ecart modulo Q: ecart™°'^®(/) := ecart(/modQ) = 
deg(/modQ) — deglt(/modQ). 

Algorithm 3.1.6 (NFMora "^"'^ •(•!•)). 

Input: / £ C[x], G C C[x\: a finite set, Q C C: an ideal. 

Output: h = NFMora'^°'^2(/|G) £ C[x\ a pseudo normal form of / w.r.t. 

G modulo Q. 
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• h:=f; 

• T:=G; 

• While {h i C\x\Q and Tn := {g £ T such that \t'^°'^^ {g)\lt'^°'^^ (h)} ^ 0) 

• Choose g £ Th with ecart™°'^®(5) minimal; 

• If (ecart'^°<^2(^) > ecart'""'^^^;^)) ^hen T := T U {h}; 

, h:= S'^°'^Q{h,g); 

• Return h. 

All the definitions were made in order to have the following equality: 
NFMoTa'^°'^^{f\G)modQ = NFMora(/modQ|GmodQ). This proves both 
termination and correctness of this algorithm. Moreover this equality proves 
that NFMora ^(•|*) is pseudo normal form modulo Q. 

To be complete, let us give a generalisation of the algorithm "Standard" 
(see Algorithm 1.7.1 in [GrPffl2b]). 

Algorithm 3.1.7 (Standard "^"^^ •(.,.)). 

Input: G C R: a finite set, Q C C: an ideal, NF: a pseudo normal form 
modulo Q. 

Output: S := Standard™°'^^(G, NF) a pseudo standard basis of the ideal 
RG modulo Q. 

• S ■.= G; 

•P:={if,g)\f,gGS,f^g}; 

• While P / 

• Choose {f,g) £ P; 
.P:=P\{(/,5)}; 

• h:=miS^-''Qif,g)\QSy, 

• If (/i ^ RQ) then (P := P U {{h, f)\f G S}; S := 5U{/i}); 

• Return S. 

Claim 3.1.8. Let G be a finite system of generators of J. The set Q = 
Standard™°'^2(G,NFMora°'°<^2) is a pseudo standard basis of J modulo Q. 

Proof First, notice that Standard™°'^^(G, NFMora™"'^^) terminates because, 
Standard"°'^2(G,NFMora'^°<^2)^o(iQ ^ Standard(GmodQ, NFMora). Now 

let us prove the proposition. The algorithm Standard™"'^® terminates when 
the set P of pairs is empty. This set becomes empty when NF(S'™°'^^(/, g)\QS) 
is in RQ for all {f,g) £ P. Thus the output Q satisfies Condition (4) of 
Proposition 13.1.51 Thus, ^ is a pseudo standard basis of J modulo Q. □ 

Proposition 3.1.9. 

(1) Let be a pseudo standard basis of J modulo Q and let h = Ylg^g lc™°'^^(5')- 
For any field K and any specialization o" : C — )• K such that (t(Q) = 

{0} and a{h) / 0.- 

• a{Q) is a ^-standard basis of'K\x\a{J). 

• for each g £ Q , ex.'p{cj{g)) = exp™°'^2(5f). 

(2) Moreover if J is generated by a set G C C[x] then it is possible to 
construct Q inside C[x\G. 

Proving this proposition proves Theorem lO.l.ll 



Proof. (1) Recall that J is an ideal of C[x\ generated by a given finite 
set G, and Q C C is an ideal such that J ^ C[x]Q. Fix a field K. 
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Let Q he a pseudo standard basis of J modulo Q. Let /i € C be 
the product of the lc'^°'^^{g) with g £ G. Let S be the set of the 
speciahzations a : C — K such that cr(Q) = {0} and a{h) ^ 0. 
For cj e S and for any g e G, a{lc'^°'^^{g)) / and exp'^°d2(^) = 
exp{a{g)) which proves the constancy of exp(cr(g)) over cr G S. 

Take a e H. Fohowing NFMora™"'^^ and NFMora step by step, 
we obtain that cj(NFMora"^°'^g(S"^°' ^g(g, is equal to NFMora{S{a{g),a{g'))\a{g)) 

and it is for all g,g' £ Q by Prop. 13.1.5^ 4). 

Proposition I3.1.5T 4) implies that cr{Q) generates K[j;]cj(J). Thus 
Buchberger's criterion (Theorem I1.2.5P implies that (t{G) is a stan- 
dard basis of K[x]cr(J). 
(2) By definition S'™°^^(/, G C[x]f + C[x]g. Moreover, a pseudo nor- 
mal form modulo Q NF(-|q-) (see Condition (4) in Definition 13. l.Sp 
outputs an element that is a combination over C[x] of the inputs 
(it is obviously true for NFMora™"*^^). Finally, in the algorithm 
Standard'"°'i2^ if inputs are in C[x] then so are the outputs. 

□ 

In order to conclude this part, it remains to prove Proposition 10. 1.6l fl). 

Proof of Prop. W.1.6\f l). Suppose that C is detachable. Then it is clear 
that all the "objects" modulo Q can be computed (such as exp™°'^^(/), 
gmodQ^f^g^y Thus, given G C C [x] , the set ^ = Standard'^"'^®^^^^ NFMora'""'^^) 

can be computed in a finite number of steps. □ 

Remark 3.1.10. Suppose that C = k[y] with a computable field k. 

From an algorithmic point of view all the "objects" modQ (such as 
g^pinodQ-j ^g^^ j-jg computed in the following way. We consider a monomial 
order on the y^, say <o and compute a standard or Grobner basis of Q, say 
Gq. Then we consider a monomial order, say <, on the monomials x°'y^ 
whose restriction to is <o (for example the block order (^, <o))- Then 
e.g. by Buchberger's criterion, Go is a standard basis of k[a;,y]Q w.r.t. <. 
Given / G k[x,y], we compute a normal form r = NF<(/|Go) and we get 
exp'^°''^{f)=e^p^{r). 

Summing up the results above we get the following algorithm (when C is 
detachable) . 

Algorithm 3.1.11 (PSBmod). 

Input: G C C[x]: a finite set, Q C C: an ideal. 

Output: PSBmod(G, Q) = {G,H) where G is a pseudo standard basis of 
{G) modulo Q, H C C \ Q is a finite set. 
. H:=9;G :=0; 

• if G C C[x]Q then Return {G,H); 

• G:= Standard°^°'^2(c'^NFMora'"°'^2). 

• for geG do {H ■.= HU {lc'^°^2(^)}). 

• Return {G, H). 

If G C C[x]Q then the output is (0,0), otherwise we get {G,H) and 
setting h as the product of the elements of H, we have that G specializes to 
a standard basis for all cr : C —)• K such that cr(Q) = {0} and a{h) ^ 0. 
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3.2. The case C = k[y]: with standard bases, hi this paragraph, we 
give an alternative method for computing pseudo standard bases modulo 
some Q in the particular case where C = k[y]. 

Denote by J = J + k[x, y]Q. Let <o be a monomial order on the y^. For 
simplicity, we assume that <o is global. (In fact, things work even if <o is 
not global: the proof of Proposition 13.2.2] would need a slight modification.) 

Define a block order on x°'y^ as <= (^,<o), here ^ is the monomial 
order on used from the beginning. 

Note. For an element / G k[x,y], we will work with two types of lead- 
ing exponents (and of leading terms, coefficients, etc): exp^(/) G N" and 
exp<(/) G N"+™. 

Remark 3.2.1. For any f G k[x,y], exp<(/) = (exp^(/), exp<g(lc^(/))). 

Let G be a standard basis of J = J + k[x, y] ■ Q w.r.t. <. 

Proposition 3.2.2. The set Q = G \ k[x,y] ■ Q is a <-pseudo standard 
basis of J modulo Q. 

Proof. Take f G J such that / ^ k[x,y]Q. We are going to prove that 
exp^°^2(/) G exp^°'^2(^) ^f^n fo^. ^^^^ g ^G\k[x,y]Q. Since Q C J, we 

may~ assume lc'^°'^^{f) = lc^(/). 

Let c G k[y] be a normal form of lc-i(/) with respect to a <o-Grobner 
basis of Q. Since lc^(/) — c is in Q C J, we may assume that 

(*) exp<,,(lc^(/))^Exp<„(Q). 

By definition of G, there exists g £ G such that exp<(/) G exp^{g) -|-N"^™. 
By Remark l3.2.1l this implies exp^^flc^f f)) G exp<;^(lc^(g'))-|-N"*. Relation 
(*) implies lc-<{g) ^ Q, i.e. lc-<{g) = Ic'^i""^^ (g) . Therefore g ^ k[x,y]Q. By 
Remark KTH again, we have exp_^ (/) G exp^^°'^2(g) + N". □ 

Now let us define ^ C J as follows. For each element ^G^letgGJbe 
such that g — g £ k.[x, y] ■ Q. We define G as the set of these 5 for ^ G Q. 
The set G is not uniquely determined of course. 

As a trivial consequence of the definition of J we obtain: 

Corollary 3.2.3. G is a <-pseudo standard basis of J modulo Q. 

Hence, this ends the second proof of Theorem 10. 1.1 1 

Now in order to end this part, we have to propose an algorithmic construc- 
tion for such a Q. We think that the smplest way is to construct in parallel 
the sets Q and Q. For this, we propose a modification of the algorithm 
Standard. 

Algorithm 3.2.4 (ModifiedStandard(«, •, •)). 

Input: Gi,G2 C k[3;,y]: finite sets, NF: a normal form. 

Output: S := ModifiedStandard(Gi, G2, NF) where S = {{gi,gi), • • • , (Ss, 5; 

is a finite set such that {gi, . . . , gs} is a standard basis of {Gi U G2) and for 

ah i, gi G (Gi) and gi - gi £ {G2). 

•5:=UeG,{(5,5)}uUgeGj(9,0)}; 

. P := {((/, /), {~g, g))\ (/, /), {g, g) £ SJ ^ ~g}- 



16 



ROUCHDI BAHLOUL 



• While (P 0) 

• choose iif,f),{g,g)) G P; 

.P:=Px{((/,/),a<7))}; 

• h:=NFiSif,g)\Sy, 

• If (/i ^ 0) then 

• Write h = T,ig,g) 0(3,3) ' 9 "^^^ ^ ^{9,9 ) ^ '^I^' ?^]; 
(this is possible by Definition (3)) 

. P:=PU{{Ch,h),{f,f)) I (/,/)€ S}; 

• S := SU{Ch,h)}y, 

• Return S. 

Remark. • Notice that if we apply this algorithm to G2 = {0} then 

we obtain a set of couples {g, 0). Thus in this situation it is equivalent 
to Standard. 

• By construction, for any {g,g) in the output S, g £ {G2) ■^=> g G 

• Applying this algorithm to a basis Gj of J and a basis Gq of Q we 
get as an output a set S of couples {g,g). Then G = {g\{g,g) G S} 
satisfies Proposition I3.2.2] and Q = {g\{g,g) G S} satisfies Corol- 
lary [3231 

• Notice that this algorithm can be used in the general situation where 
we want a standard basis of the sum of two ideals Ii and I2 and such 
that each g in this basis can be decomposed as gi + g2 with gi £ Ii. 

Returning to our initial question, we obtain a variant of PSBmod. 

Algorithm 3.2.5 (PSBmod'). 

Input: G C k[x,y]: a finite set, Gq C k[y]: a finite set. 

Output: PSBmod'(G, Gq) = {Q,H) with Q: a pseudo standard basis of 

(G) modulo (Gq), H C k[y] \ (Gq): a finite set. 

• Define a global order <o on N"^; 

• Form a block order <:= (^, <o); 

• if G C (Gq) then return (0,0); 

• S := ModifiedStandard(G, Gq, NF) where NF is normal form for <; 

• Q ■={g\ {g,g) ^ S, g ^ k[x,y]GQ}; 

• H:=%- for {g G Q) do {H := H U {Ic/"'^ ^^""Hg)}); 

• Return (G, H). 

To end this part, let us note that if ^ is not global one may use a homog- 
enization following Lazard (see Lemma l2.1.ip . 

4. Stratification with respect to a constant Exp 

In 4.1, we shall prove CoroUarv 10.1.31 and Proposition 10.1.61 2). 

In 4.2, 4.3 and 4.4, we propose different variants of an algorithm illustrat- 
ing those results. In 4.2 the algorithm work for a general ring C while the 
algorithms in 4.3 and 4.4 work when C is of the form k[y]. 
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4.1. Proof of Cor. [0^3] and Prop. |0i6J(2) . Let us recall that we start 
with an ideal J <Z C[x\ and C is a noetherian integral domain. 

We are going to describe a construction by induction on the step /. At 
each step we shall construct the following objects: 

• A finite set 2B/ of triples {Q,h,G) where Q is an ideal of C, h £ C 
and G is finite set in J (the set Wi may be empty), 

• A finite set of ideals C (this set may be empty) , 

• An ideal Ii of C, 

with the following properties: 

(pi) Spec(C) = (U(Q,h,g)e2ir. ^(2) ^ ^(^)) U (Useo, V{Q)) U Vili), 
(p2) For any {Q,h,G) S 211;, and for any specialization o" : C — )• K such 
that a{Q) = {0} and (t(/i) ^ 0, a{Q) is ^-standard basis of K[x](7( J), 
(p3) J C C[x] - Xi (i.e. J specializes to zero on V{Xi)). 

At step 0, we set SBq = and = {(0)} and Xq = (!)• 

Assume the objects of step / are constructed. If 0; = then we stop the 

construction. Otherwise we define SU^+i, Qi+i and X^+i as follows. Take Q 

in Qi. 

(A) If J is not included in C[x\ ■ Q. 

Apply Theorem 10. 1.11 to Q. We obtain Q <Z J and a finite number 
of /li G C \ Q (i = 1, . . . , r). We have Q g Q + (/ij). 
Set h = n[= /ii. Set Qi+i = (0/ \ {Q}) U {Q + {hi)\t = 1, . . . , r}. 
Put 21Jz+i = 2Hz U {(Q, /i, g)} and X,+i = Zi. 

(B) If J is included in C[x]Q. 

Set 0/+1 := £2; \ {Q}, Wi+i = 2H/ and X,+i := X, n Q. 

It is clear that at each step /, properties (pi), (p2) and (p3) are satisfied. 
It is also clear that this construction is algorithmic if C is detachable and 
intersections are computable in C. Moreover if cf{J) ^ {0} for any special- 
ization (T then Xi = (1) for all / (i.e. condition (B) is never satisfied). Thus, 
in order to prove Corollarv 10.1.31 and Proposition 10.1.61 2). it is enough to 
prove that there exists / for which Qi is empty. 

Assume by contradiction that for each /, there exists Q G 0/ such that 
J ^ C[x]Q. This will imply the existence of an increasing sequence of ideals 
of C which contradicts the noetherianity of C. Thus there exists /q such that 
for all Q G 0Z(,, J C C[x]Q. Thus for all steps Iq^Iq + 1, . . condition (B) is 
always satisfied. Thus after a finite number of steps, 0; becomes empty. 

Remark 4.1.1. 

(1) Applying this construction, we obtain a union of Spec(C) made of 
locally closed sets and on each of these sets Exp is constant. Compar- 
ing the values of Exp on the strata and forming unions of appropriate 
strata, we obtain the stratification by a constant Exp. 

(2) Notice that given a triple (Q, h, Q) G SB; we may have V{Q)\V{h) = 
in Spec(C). Thus, such a triple is useless for the final stratification. 

4.2. Stratification algorithm 1. This algorithm consists on a rewriting 
of the construction in 4.1. 



Algorithm 4.2.1 (StratExpl). 
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Input: G C C[x]: a finite set. 

Output: StratExp(G) = ({(Qi, /ii, ^i), . . . , (Q„ /i„ g,)},X); 

where Qi C C is an ideal, hi £ C, Gi C C[x] ■ G is finite and X C C is an ideal. 

• 2n:=0;£}:={(O)};X:=C-l; 

• While (£} / 0) 

• Choose Q G 0; 
.n:=n\{Q}; 

• {g,H) :=PSBmod(G,Q); 
.if ((g,F)/(0,0)) 

then • h := Ylh'eH 

• W:=WU{{Q,h,g)} 
else • X := X n Q; 

• Return 

Here, {G-,H) ^ (0,0) corresponds to condition (A) in 4.1 and {G,H) = 
(0,0) corresponds to condition (B). 

4.3. Stratification algorithm 2. Here we give a variant of the algorithm 
above in the case where C = k[y] = k[yi, . . . , y^]- 

As we already noticed, in the output of StratExpl we may have triples 
(Q, h, Q) such that V{Q) \V{h) is empty. In the next variant we may replace 
the line 

• 2H:=2UU{(Q,/i,g)} 
of StratExpl by 

• if (ViQ) ^ V{h)) then 2B := W U {{Q, h,g)} 

the question being how to check the "if" condition in an algorithmic way. 

Let us analyse more deeply the construction in 4.1 and show how we may 
improve it. Let us take the notations of 4.1. We take Q G Qi such that 
we are under condition (A) (i.e. J ^ C[x]Q). Applying Theorem lO.l.H we 
obtain Q <Z J and hi, . . . ,hr £ C \ Q. We have: 

V{Q) = {V{Q) X V{h)) U ( U + ^^^))) • 

^ j=i 

The next step consists in adding the triple {Q,h,Q) to Wi and to add the 
ideals Q + {hi) to O/. 

Although Q C Q + {hi), we may have V{Q) = V{Q + {hi)). Thus in 
step / + 1, it would be useless to apply the construction to Q + {hi) if 
V{Q) = V{Q) + {hi) i.e. V{Q) C Vihi). Therefore, we would like to replace 
the line 

.Q:=ilU[jH'eH{Q+{h')} 

of StratExpl by 

. := n u [jh'eH,viQ)~.v{h')MQ + ^^')}- 

Now from an algorithmic point of view how can we check if a given h 
is such that V{Q) \ V{h) ^ 0? The answer is in the following version of 
Hubert's Nullstellensatz theorem. 
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Lemma 4.3.1. Let k be any field. Let Q C k[y] = k[yi, . . . , ym] be an ideal. 
For any h € k[?/], we have: 



Proof. We have to prove that h G \/Q if and only if V{Q) C V{h). The 
left-right implication is trivial. Let us assume that V{Q) C V{h). 

Let K be any algebraically closed field containing k. Firstly, we have 
(K[y]Q)nk[y] = Q. Indeed, by Remark ll.2.61 any Grobner basis of Q (with 
respect to a global order) is a Grobner basis of K[y]Q. 

Now, given a prime ideal V C K[y], the set k[y] n "P is a prime ideal 
of k[y]. If V contains K[y]Q then V D k[y] contains (K[y]Q) D k[y] = Q. 
Thus the hypothesis implies that h € V. Therefore we have: {y £ K™!?/ G 
^k(Q) \ Vk(/i)} is empty. Here Vk stands for the zero set of. By the 
classical Hilbert's Nullstellensatz theorem, /i* E K[7/]Q for some integer i. 
Finally we obtain: h' G (K[y]Q) n k[y] = Q. □ 

Notice that in k[y], checking whether h £ \fQ, does not require the com- 
putation of a Grobner basis of see e.g. |GrPf02b"l §1.8.6]. 
Gathering the previous remarks we obtain the next algorithm. 

Algorithm 4.3.2 (StratExp2). 
Input: G C k[?/][x]: a finite set. 
Output: StratExp(G) = ({(Qi, /ii, ^i), . . . , (Q„ /i„ 

where Qi C k[y] is a finitely generated ideal, hi S k[y], Qi C k[?/][x] • G is 

finite and X C k[y] is an ideal. 

. 2IJ := 0; £} := {(0)}; X := k[y] • 1; 

• While (O / 0) 

• Choose Q G 0; (let Gq denote a finite basis) 
.£l:=n\{Q}; 

• (g,/?) := PSBmod(G,Q) or (g, i/) := PSBmod'(G, Gq); 

• if ((g,i7)/(0,0)) 

then • h := H/i'g// ^'s 

• H := {h' £ H \ h' ^ VQ}; 

. := £3 uU,.e^{Q + (/!')}; 

• if (/i ^ \/Q) then 2B := QHU {(Q, h,g)} 
else • X := X n Q; 

• Return {W,I). 

4.4. Stratification algorithm 3. Here we give a usual stratification algo- 
rithm for C = k[y]. It uses primary (or prime) decomposition. In the con- 
struction process, all the output tiples {Q,h,Q) are such that Q is prime. 
Since h is a product of h' E k.[y] \ Q, we shall have h ^ Q. 

We shall give the algorithm without proofs for correctness and termination 
since it is well-known. 

Algorithm 4.4.1 (StratExpS). 
Input: G C k[y][3;]: a finite set. 

Output: StratExp(G) = ({(Qi, /ii, ^i), . . . , (Q„ /i„ g,)},X); 

where Qi C k[y] is a finitely generated prime ideal, hi £ k[y] \ Q, Gi C 

k[y][x] • G is finite and X C k[y] is an ideal. 
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.2B:=0;£1:={(O)};X :=%]•!; 

• While (£} / 0) 

• Choose Q G £2; (let Gq denote a finite basis) 
.n:=n\{Q}; 

• {g,H) ■.= PSBmod{G,Q) or (g, i7) := PSBmod'(G, Gq); 

• if ((g,//)/ (0,0)) 

then • h := Yih'GH ^'i 

• Compute prime ideals Qi, ■ ■ ■ ,Qr of k[2/] such that 

ViQ+{h)) = V{Qi)U---UV{Qry, 

• Q:=ilU{Qi,...,Qr}; 

• W:=WU{{Q,h,g)} 
else • X := I n Q; 

• Return (2n,X). 

5. Stratification by the local Hilbert-Samuel function 

Proof of Corollary \0.2.1[ Recall that we start with a finitely generated ideal 
/ C k[x] := k[xi, . . . , Xn] and a field inclusion k C K. Let fi, . . . , fg be 
generators of /. Consider the following ideal J = X]?=i '^[^i 2/] " /«(^ + v) 
where y stands for (yi, . . . , y„). Take a valuation-compatible order ^ on the 
x°'s. Apply Corollary 10.1.31 to J C k[y][x]. We obtain Gi, . . . ^ J and 

r 

Spec{k[y]) = {\JWk)UV{I)) 
fc=i 

where Wfc are constructible sets of Spec(k[?/]) and I C k[y] is an ideal. 
We have that for any specialization a of k[y], if cr{I) = {0} then cr(J) = 
{0}. Denote by k the algebraic closure of k and consider the specializations 
ayg = (k[y] — k, P(y) i— )■ P{yo)) where yo £ k . If the zeroset V^{T) C k 
is not empty then for any yo S 1^(2^) we have k[x] • J\y=yg = {0} but this 
is impossible since we implictely supose / ^ {0}. Thus V^{I) is empty, 
therefore 1 E k[y]X i.e. 1 £ I and the affine scheme V{I) C Spec(k[?/]) is 
empty, therefore Spec(k[y]) = (IJfc=il^A:)- 

Now for any specialization a : k[y] — )• K such that a{Wk) = {0}, (j{Qk) 
is a ^-standard basis of K[x]cj(J) and Exp^(K[x]cr(J)) does not depend on 
a. We consider specializations of the form cj^„ = (k[y] — K,P(y) i— )• P(a;o)) 
where xq G and use Lemmas 11.3.21 and 11.3.1^ 2) to conclude. □ 

Proof of Corollary \0.2.}A We sketch the proof since it is similar to the pre- 
vious one. Recall that we have an ideal I C Z[a, x] given by polynomials 
fj = fj{a,x). Introduce a new set y of indeterminates yi, . . . ,y„ and con- 
sider the ideal J = '^j'^[a,y][x] • fjia,x + y) C Z[a, y][x]. We may apply 
Corollary 10.1.31 and use the same arguments as above. □ 

6. Examples 

Here we shall give some examples of the computation of a stratification 
by the local Hilbert-Samuel function. These examples (except example 1 
treated by hand) were computed with a program (available on the author's 
webpage) written using Risa/Asir computer algebra system [Noj . 
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In Examples 2 to 5, the output is presented as follows: 
[[[ai, 02, . . .], [qi{x),q2{x), . . .], [hi{x), h2{x), . . .]], . . .], 

where ctj G N"", qi, hi G C[x]. 

This means that for xq G V{{qi,q2, • • •)) \ V{hi ■h2- ■ ■), the local Hilbert- 
Samuel function at xq is equal to that of the monomial ideal (a;"i,a;"2, . . .). 

6.1. Example 1. Set / = xi^ + X2^ and / = C[xi,.X2]/. 

In this case we shall only use the fact that the Hilbert- Samuel function 
associated with / at a; = xq is equal to that associated with /(x + xq) at 
X = 0. 

Let us write /(x + y) as a Taylor series: 

/(x + y) = {yl + yl) + (2yixi + Sy^xa) + (x? + ^y2xl) + (x^). 

This expansion respects the valuation in x. Let us consider a valuation- 
compatible order on the x-monomials. For ^, the leading term of /(x + y) 
is 1 and the leading coefficient \s v = y\ + On \ {t; = 0}, the Hilbert- 
Samuel function is zero. Now let us work on the space V := {v = 0}. Here, 
working modulo v, we can write 

/(x + y) = (2yixi + Syixs) + (x? + ^y2xl) + (xi). 

Again we fix a monomial order on x as above. Notice that we have some 
freedom: we can choose ■< in order that the leading term is xi or X2 with 
the corresponding leading coefficients 2yi or Syl- Let us choose the leading 
monomial as 2yi ■ xi. We obtain that on 1/ \ {(0,0)}, the Hilbert-Samuel 
function equals that of C[xi, X2]/(xi). Finally, it remains {(0,0)} (i.e. we 
work modulo (2/1,^2)) on which 

f(x + y) = xl + xl. 

Finally, we get the stratification 

= (c^ \ y) u (F \ {(0, 0)}) u {(0, 0)} 

such that one each statum the local Hilbert-Samuel function is constant and 
equal to N 9 r ^ 0, Yi^¥c[xux2]/(xi)^ and BSF ^^^^^^^y ^^^2•^ respectively. 

6.2. Example 2. The same example : / = C[xi,X2]-(xf-|-X2). Our program 
outputs: 

[[[(1)*«0,0»] , [0] , [xl-2+x2-3]] , 
[[(1)*«0,1», (1)*«0,1»] , [xl'-2+x2'-3] , [x2,xl]] , 
[[(1)*«2,0»] , [x2,xl] , [1]]] 

We have the following interpretation: On any point of V{Q) \ V{x\ + xf), 
the local Hilbert-Samuel function associated with / is the same as that 
of C[xi, X2]/(x]'x2) = C[xi, X2]/(l). On any point of V{x'\ + ,^2) \ V{x2 ■ 
xi), we get the Hilbert-Samuel function of C[xi, X2]/(x2). On any point of 
y((x2,xi)) \ V{1) (i.e. at X = (0,0)), we get the Hilbert-Samuel function 
of C[xi,X2]/(xf). We recover the results of Example 1. 
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6.3. Example 3. Here, we set fixi,X2,X3) = x\ + x\ + x^x\x2 and / = 
€,[x\,X2-,Xi] ■ f. The output is : 

[[[(1)*«0,0,0»] , [0] , [xl"4+x3*x2*xl'2+x2~4]] , 

[[(1)*«0,0,1», (1)*«0,0,1»] , [xl"4+x3*x2*xl~2+x2~4] , [xl,x2*xl]] , 
[[(1)*«2,1,0»] , [x2,xl] , [x3]] , 
[[(1)*«0,4,0»] , [x3,x2,xl] , [1]]] 

By line 2, we get: On V{f) \ V{xiX2), the local Hilbert-Samuel function is 
equal to that of C[xi, X2, x^]/ {x^) . 

By line 3, we get: On V{{xi, X2)) \ V{x3), we have the same Hilbert-Samuel 
function as C[xi,X2,x^]/{xfx2)- 

By hne 3, we get: at x = (0,0,0), the Hilbert-Samuel function is the same 
as that of C[xl,X2,xs\/{x2)■ 
6A. Example 4. Set /(xi,a;2,a:;3) = +X2+a;3a;iX2 and / = C[a;i,X2,X3]- 
/. The program outputs: 

[[[(1)*«0,0,0»] , [0] , [xl-4+x3*x2*xl+x2-4]] , 

[[(1)*«0,0,1», (1)*«0,0,1»] , [xl"4+x3*x2*xl+x2"4] , [xl,x2*xl]] , 
[[(1)*«1,1,0»] , [x2,xl] , [x3]] , 

, [x3,x2,xl] , [1]]] 

By line 2, we get the Hilbert-Samuel function of C[xi,X2,X3]/{x3) on 
V{f )\V{xiX2). By line 3, we get the Hilbert-Samuel function of C[a;i, X2, X3]/(a;ia;2) 
on V{{xi,X2)) \ V{x3). Finally at x = (0,0,0) we get the Hilbert-Samuel 
function of C[xi, X2, x^]/ {X1X2X3) . 

6.5. Example 5. Here, we set fi = xi — X2 and /2 = xi{x2 + xf) and 
/ = C[xi,X2,X3]{/i, 72}. We get the following output (we numbered the 
lines) : 

(1) [[[(1)*«0,0,0», (1)*«0,0,0»] , [0] , [xl"3+x3~3*xl,-xl+x2]] , 

(2) [[(1)*«0,0,0», (1)*«0,1,0»] , [-xl+x2] , [xl'3+x3"3*xl,l]] , 

(3) [[(1)*«0,0,1», (1)*«0,0,1», (1)*«0,1,0»] , 
[-xl+x2,x2~2+x3~3] , [x3*xl ,xl , 1] ] , 

(4) [[(1)*«0,1.0»,(1)*«3,0,0»] , [x3,x2,xl] , [1,1]] , 

(5) [[(1)*«0,1,0»,(1)*«1,0,0»] , [x2,xl] , [l,x3]] , 

(6) [[(1)*«0,1,0», (1)*«3,0,0»] , [x3,x2,xl] , [1,1]] , 

(7) [[(1)*«0,0,0», (1)*«0,0,1», (1)*«0,0,1»] , 
[xl~2+x3"3] , [-xl+x2,x3*xl,xl]] , 

(8) [[(1)*«0,0,1», (1)*«0,0,1», (1)*«0,1,0»] , 
[-xl+x2,x2~2+x3~3] , [x3*xl ,xl , 1] ] , 

(9) [[(1)*«0,1,0», (1)*«3,0,0»] , [x3,x2,xl] , [1,1]] , 

(10) [[(1)*«0,0,0», (1)*«3,0,0»] , [x3,xl] , [x2,l]] , 

(11) [[(1)*«0,1,0», (1)*«3,0,0»] , [x3,x2,xl] , [1,1]] , 

(12) [[(1)*«0,0,0», (1)*«1,0,0»] , [xl] , [x2,x3]] , 

(13) [[(1)*«0,1,0»,(1)*«1,0,0»] , [x2,xl] , [l,x3]] , 

(14) [[(1)*«0,1,0»,(1)*«3,0,0»] , [x3,x2,xl] , [1,1]] , 

(15) [[(1)*«0,0,0», (1)*«3,0,0»] , [x3,xl] , [x2,l]] , 

(16) [[(1)*«0,1,0»,(1)*«3,0,0»] , [x3,x2,xl] , [1,1]]] . 

Some lines appear several times (e.g. lines 4, 6, 9, 11, 14 and 16 are equal 
since they are the termination leaf of several branches of the tree). In this 
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result, line 2 (for example) means that on V{fi) \ V{f2) the Hilbert- Samuel 
function is given by that of C[xi, 2:2, X3]/(l, X2) = C[3;i, X2, X3]/(l). Line 
5 means that on V{{xi, X2)) \ {0} the Hilbert- Samuel function is given by 
that C[xi,2;2,2;3]/(xi,X2). 
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